A very economic model of generating small neutrino masses is the Zee model. This model has been studied extensively in the literature with most of the studies concentrated on the simplest version of the model where all diagonal entries in the mass matrix are zero. SNO, and KamLAND data disfavor this simple version, but only when one also combines data from atmospheric neutrino data, can one rule out this model with high confidence level. We show that the simplest version of Zee model is ruled out at 3σ level. The original Zee model, however, contains more than enough freedom to satisfy constraints from data. We propose a new form of mass matrix by naturalness consideration. This new form of mass matrix can accommodate experimental data. It also predicts m ν 3 = 0 and a |V e3 | just below the upper bound.
There are abundant data [1] [2] [3] [4] [5] [6] from solar, atmospheric, laboratory and recent long baseline (K2K and KamLAND) experiments on neutrino mass and mixing. It is certain that some of the neutrinos have non-zero masses and also different neutrino spices mix with each other. In the minimal Standard Model (SM) in which there are no right-handed neutrinos, neutrinos are massless. In order to have non-zero neutrino masses and mixing, one must go beyond the minimal SM.
There are different possible ways to generate neutrino masses. A very economic way of generating neutrino masses is to introduce a charged scalar and an additional Higgs doublet into the minimal SM as proposed by Zee [7] . The Zee model provides a natural mechanism to generate small neutrino masses because they can only be induced at loop level, and also suggests special forms for the mass matrix. If one imposes a discrete symmetry such that only one of the Higgs doublets couples to the leptons as suggested by Wolfenstein [8] , one obtains a simple mass matrix with all diagonal entries zero. We will refer this simple version as the Zee-Wolfenstein model. This model has been studied extensively in the literature [7] [8] [9] [10] [11] [12] . In this paper we further study the Zee model using the most recent experimental data. We find that the Zee-Wolfenstein model is ruled out at the 99.73% (3σ) C.L.. However the original Zee model contains more than enough freedom to satisfy experimental constraints.
We propose a new form of neutrino mass matrix resulting from naturalness condition which can accommodate experimental data with a large |V e3 | close to its experimental upper bound and m ν 3 = 0.
The Zee model contains, in addition to the gauge bosons and the minimal fermion contents, a singlet scalar h and two Higgs doublets φ 1,2 transforming under the SM gauge group (1, 1, 1) and (1,2,-1/2) . With these particles it is not possible to have tree level neutrino masses from renormalizeable Lagrangian, but it is possible at one loop level. The relevant terms in the Lagrangian are [7] ,
where ψ i aL = (ν aL , e aL ) and l aR are the left-and right-handed leptons with "a" the generation index and "i,j" the SU(2) L indices. ǫ ij is the anti-symmetric symbol. C is the Dirac charge conjugation matrix.f φ,ab γ are the Yukawa couplings responsible for charged lepton masses. 
Here sin θ Z is proportional to M αβ characterizing the strength of the h − φ + mixing.
The terms responsible for neutrino mass generation in the previous equation, in the mass eigenstates basis for the charged lepton and scalar fields, can be written as
where
Exchange of charged scalars h 1,2 and charged leptons at one loop level, Majorana neutrino
which is of order O(10 −5 ) if the sin(2θ Z ) and tan β are both of order one. This is the general mass matrix in the Zee model [12] . The mixing matrix is the unitary matrix V which diagonalizes the mass matrix and is defined
The present experimental data on neutrino masses and mixing angles can be summarized as follow [13] . The 3σ allowed ranges for the mass-squared differences are constrained to be: [4] gives an upper bound of 0.22 on the ν e −ν x (where ν x can be either ν µ or ν τ or a linear combination) oscillation parameter for ∆m
In the model discussed here the atmospheric neutrino and K2K data can be explained by oscillation between the muon and the tauon neutrinos, and the solar neutrino and KamLAND data explained by oscillation between the electron and muon neutrinos
(3) to zero, one obtains the famous Zee-Wolfenstein mass matrix,
One can redefine the neutrino and charged lepton phases such that allã,b andc are real.
Unfortunately the Zee-Wolfenstein model is now ruled out by experimental data. This can be seen from the following.
The above mass matrix satisfies the "zero sum" condition m ν 1 + m ν 2 + m ν 3 = 0, therefore all the neutrino masses are determined in terms of the mass-squared differences [15] . We have [15] The mass matrix element M 11 = 0 leads to, V
e3 m ν 3 = 0, which can be rewritten as
Since |x| is smaller but close to one, the above equation only allows negative x for small . Therefore SNO and KamLAND data disfavor the Zee-Wolfenstein model. This has been noticed in Ref. [11] .
To have a more quantitative statement, we have carried out a detailed study and the results are shown in Figure 1 . The dashed lines in Figure 1 then determines θ 23 in terms of V e3 and y. Here t 23 = s 23 /c 23 . There are two solutions for tan θ 23 for given V e3 and y which we indicate by "a" and "b".
In Figure 1 the solid lines show sin 2 θ atm as a function of y for |V e3 | equals to 0.22 and 0.044. From the figure we see that sin 2 θ atm decreases as |V e3 | increases for solution "a", sin 2 θ atm is smaller than the 3σ allowed lower bound of 0.3. While for solution "b", sin 2 θ atm decreases as |V e3 | increases for a small |y|, but increases for a larger |y|. sin 2 θ atm is larger than the 3σ upper bound of 0.7. For a smaller |V e3 | it is possible to make sin 2 θ atm to move into the 3σ allowed range, but smaller |V e3 | will drive tan 2 θ solar to move out the 3σ allowed range. The combined neutrino data, therefore, rule out the Zee-Wolfenstein model at 3σ level.
The above discussions show clearly that the Zee-Wolfenstein neutrino mass matrix is in trouble. That does not, however, mean that the Zee model itself is in trouble. The mass matrix given in eq. (3) contains more than enough freedom to fit data. Here we encounter a common problem for physics beyond the SM that there are too many new parameters.
Additional theoretical considerations have to be applied to narrow down the parameters.
We find that an interesting neutrino mass matrix emerges if one requires that there should be no large hierarchies among the new couplings, that is all f ij and f Since m τ >> m µ,e , the leading contributions to the neutrino mass matrix are proportional to f ij m 2 τ and f φ,ab 2 m τ . To this order we have
. (8) Without loss of generality, by appropriate choices of neutrino filed phases, the 11, 13, 23 entries can be made real with just one physical phase δ in the mass matrix. One can rewrite the above mass matrix as
This is a highly constrained form of mass matrix. This matrix is rank two implying that one of the neutrinos has zero mass. Since experimentally ∆m 
The value |V e2 | = 0.555 and |V µ3 | = 0.607 are safely within the allowed ranges. The value |V e3 | = 0.168 is below the 3σ upper bound from CHOOZ, but not far below. Future experimental data can provide important test. In the above we have chosen a non-zero δ to demonstrate the possibility of CP violation. The CP violating Jarlskog parameter
) is predicted to be −0.0165 which may be studied in future neutrino factories. We have kept masses in the form with phases to illustrate the existence of Majorana phases which can be rotated away by multiplying a phase matrix from the right on V obtained above.
The neutrino masses obtained in the model are in the interesting ranges. The sum of the absolute neutrino masses, m sum = |m 1 | + |m 2 | + |m 3 |, in this model is around 0.1 eV which is several times smaller than the recent bound of 0.69 eV from WMAP [16] , but can be probed in the near future by the PLANK experiment where the sensitivity on m sum can be as low as 0.03 eV. Laboratory neutrino mass experiments can also test the model. A non-zero value a = |m ee | can induce neutrinoless double beta decays. |m ee | obtained here is about 0.02 eV which is safely below the present bound [1, 17] In the above B τ = (100(GeV)/M 0 tan β)
There are experimental constraints on the above decays with the 90% C.L. bounds given by [1] : B(τ → µµμ, µeē) = 1.9 × 10 −6 , 1.7 × 10 −6 , B(τ → eµμ, eeē) = 1.8 × 10 −6 , 2.9 × 10 −6 , B(τ → µγ, eγ) = 1.1 × 10 −6 , 2.7 × 10 −6 , For tan β of order one, all the branching ratios predicted above are safely below the experimental values if the mass M 0 is of order 100 GeV.
Non-zero f ij can also induce radiative charged lepton decays by exchanging charged scalars. If the parameter A is not too much smaller than a natural value of A = 10
(GeV −1 ), their contributions for the rare decays mentioned will be much smaller. The rare decays of the types discussed in the above will not provide significant constraints.
We searched for other solutions and found that they are located in the vicinities of the values displayed before for the parameters with some solutions conserve CP. In all cases m ν 3 has to be the massless one and the value of |V e3 | is close to the upper bound. These can provide important tests for this particular form of mass matrix. The Zee model can also easily accommodate other forms of mass matrices without the naturalness requirements. We will present the details elsewhere.
From the above discussions we see that the new form of mass matrix proposed is consistent with present experimental data. It also predicts m µ 3 = 0 and a measurable |V e3 |. The model can be tested in the future. 
